Abstract. In this article, a few interesting and non-trivial results are obtained. Specially, the Zariski compactness of the minimal spectrum and flat compactness of the maximal spectrum are characterized.
Introduction
The minimal spectrum of a commutative ring specially its compactness has been the main topic of many articles in the literature over the years, see e.g. [1] , [3] , [5] , [6] , [7] , [8] , [10] , [11] , [12] , [13] . Amongst them, the well-known result of Quentel [12, Proposition 1] can be considered one of the most important results in this context. But his proof, as presented there, is sketchy. In fact, it is merely a plan of the proof, not the proof itself. In the present article, i.e. Theorem 4.9 and Corollary 4.11, a new and purely algebraic proof is given for this non-trivial result. Dually, a new result is also given for the compactness of the maximal spectrum w.r.t. the flat topology, see Theorem 4.5.
In Theorem 3.1, the patch closures are computed in a certain way. This result plays a major role in proving Theorem 4.9. The noetherianess of the prime spectrum w.r.t. the Zariski topology is also characterized, see Theorem 5.1. It is worthy to mention that in the literature, as far as the author knows, there is no known non-trivial characterization for the noetherianess of the Zariski topology. In this article, all of the rings are commutative.
Preliminaries
Here we briefly recall some material which are needed in the sequel.
Every ring map ϕ : A → B induces a map ϕ * : Spec(B) → Spec(A) between the corresponding spectra which maps each prime ideal p of B into ϕ −1 (p).
Already in [2] and more recently and independently in [14] we have rediscovered the Hochster's inverse topology (see [4, Prop. 8] ) on the prime spectrum by a new and algebraic method. We call it the flat topology (it is worthy to mention that during the writing [14] we were not aware of [2] and Hochster's work). Therefore the flat topology and Hochster's inverse topology are exactly the same things. In fact, for a given ring R, then the collection of subsets V (f ) = {p ∈ Spec(R) : f ∈ p} with f ∈ R formes a sub-basis for the opens of the flat topology. It behaves as the dual of the Zariski topology, for more details see [14] .
Recall that a ring R is said to be absolutely flat (or, von-Neumann regular) if each R−module is R−flat. This is equivalent to the statement that each element a ∈ R can be written as a = a 2 b for some b ∈ R. Clearly absolutely flat rings are stable under taking quotients and localizations. Every prime ideal of an absolutely flat ring is maximal since an absolutely flat domain is a field.
To see the definition of "the maximal flat epimorphic extension of a ring" please consider [9, Prop 3.4 ].
Patch Closures
Recall that for a given ring R then the collections of subsets of the form D(f ) ∩ V (I) with f ∈ R and I is a f.g. ideal of R is a basis for the opens of the patch topology on Spec(R), for more details see [14, §2] . In the following result, which we shall use it later, the patch closures are computed in a certain way: 
The above Theorem suggests us the following natural questions which are unknown in general: 
Proof. There are finitely many elements g 1 , ..., g n ∈ R such that
We have g i ∈ p for all i. It follows that the image of g i under the canonical map R → R p is nilpotent. Thus there is an element f ∈ R \ p and a natural number N such that f g 
Proof. There is an element g ∈ R such that U ⊆ V (g) and g / ∈ m. Thus there are elements a ∈ R and f ∈ m such that ag +f = 1. Clearly
As the dual of Proposition 4.2 we have:
The maximal spectrum of a ring R w.r.t. the flat topology is Hausdorff and totally disconnected. Moreover,
Proof. It is an immediate consequence of the above Lemma.
It is well-known that the maximal spectrum of a ring is quasi-compact w.r.t. the Zariski topology. Dually, its minimal spectrum is quasicompact w.r.t. the flat topology. But the minimal (resp. maximal) spectrum of a ring is not necessarily quasi-compact w.r.t. the Zariski (resp. flat) topology. As a specific example, Max(Z) is not quasicompact w.r.t. the flat topology since the set of prime numbers is infinite. By [14, Theorem 3.20] , there is a ring A whose prime ideals have precisely the reverse order of the primes of Z and so Min(A) is not Zariski quasi-compact. Concerning to the these we have the following interesting results: Then there are elements a ∈ R and c ∈ m such that 1 = af + c. Now by applying the quasicompactness of Max(R) then we may find a finite number of elements a 1 , ..., a n and c 1 , ..., c n of R such that Max(R)
V(c i ) and 1 = a i f + c i for all i. This implies that f c 1 ...c n ∈ J(R) and 1 = bf + c 1 ...c n for some b ∈ R. It follows that f − bf 2 ∈ J(R). Therefore R/J(R) is absolutely flat.
In order to establish the dual of Theorem 4.5, the following results are required: Lemma 4.6. Let R ⊆ S be an extension of rings with R absolutely flat then S is R−faithfully flat.
Proof. Suppose S ⊗ R M = 0 for some R−module M. From the following exact sequence of R−modules 0 / / R / / S π / / S/R / / 0 we obtain the following long exact sequence of R−modules
Lemma 4.7. Every injective flat ring map ϕ : R → A with R reduced and A absolutely flat then induces an injective flat epimorphism ψ : R → B such that B is absolutely flat.
Proof. Consider the following commutative diagram
where R (−1) R and A (−1) A are the point-wise localizations of R and A, respectively, see [15, §3] . By [15, Lemma 4.6 Proof. It is an easy exercise.
Theorem 4.9. If the minimal spectrum of a reduced ring R is Zariski compact then M(R), the maximal flat epimorphic extension of R, is absolutely flat.
Proof. The minimal spectrum of R is a patch closed subset of Spec(R). Because suppose there is some q ∈ γ Min(R) which is not in Min(R). Then for each p ∈ Min(R) there exists some f ∈ q which is not in p. By applying the quasi-compactness of Min(R) then we may find a finitely many elements f 1 , ..., f n ∈ q such that Proof. The canonical map R → R/N induces a homeomorphism between the corresponding spectra which maps Min(R/N) onto Min(R). Then apply Theorem 4.9 for the implication "⇒" and Lemma 4.10 for the reverse. 
Noetherian property
Here we give a characterization for noetherianess of the Zariski topology in terms of the flat topology: We have then U = Spec(R) \ V(
As the dual of Theorem 5.1 please consider [14, Theorem 4.2] .
